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Introduction 
 
Recently, numerous research papers were focused on 
the novel materials such as phononic crystals. Phononic 
crystals (PnCs) are periodic composite structures that 
offer exceptional control over phonons, sound and 
other mechanical waves. The PnCs structures 
commonly consist of a periodic array of two or more 
materials with different elastic properties. The periodic 
variation of density and/or elastic constants of the 
structure changes periodically. This changes the speed 
of sound in the crystal, which, in turn leads to the 
formation of the so-called phononic band gaps or stop 
bands [1-5].Within the band gaps wave propagation is 
effectively prohibited. Furthermore, the phenomena of 
negative refraction and acoustic metamaterials have 
been observed in PnCs [6, 7]. These unusual effects of 
PnCs can be utilized in a broad range of engineering 
applications such as transducers, acoustic filters, 
acoustic wave guides[8], sound collimation[9], acoustic 
rectification[10], frequency sensing[11,12] and control 
of vibration isolation. Some PnCs exhibit phononic 
band gaps for any propagation direction, which are 
known as complete band gaps. Other crystals exhibit 
band gaps for only certain direction (partial band gaps), 
since one_ dimensional crystal possess phononic band 
gaps for waves that propagate in only one direction [3]. 
Therefore, PnCs can be classified according to 
periodicity into three types, i.e., the one- dimensional 
(1D), the two-  dimensional (2D) and the three- 
dimensional (3D) PnCs [13-17]. Moreover, not all 3D 
PnCs exhibit complete band gaps, this depends on the 
structure of composite materials. In order to create a 
complete band gaps, the crystal structure must possess 
a band gap for both longitudinal and transverse waves 
at the same frequency region. The propagation of    
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mechanical waves in fluids differ than in solids, fluids 
support only longitudinal polarization, while solid 
materials  can support both longitudinal and transverse 
polarizations. Based on these different types of 
polarizations, PnCs can be also classified to three 
categories; solid/solid structures, solid/fluid structures 
and fluid/fluid structures [15-21]. These different types 
of structures and waves polarizations increase the 
challenges for PnCs rather than photonic crystals, since 
electromagnetic waves have only transverse 
polarizations. 
So far, several methods were developed to calculate the 
phononic band gaps such as Plane-Wave-expansion 
Method (PWM) [22]. But this method  fails in some 
cases such as calculating the dispersion relation for 
PnCs in mixed solid/fluid structures, where the 
materials contrast is very high. Also Bloch-Floquet 
Method (BFM)[23] for studying layered structures, and 
other methods[24-26]. In this paper the transfer matrix 
method [27] is adopted, which is particularly suited for 
1D problems. Due to its recursive nature, it allows for a 
repeated enforcement of the continuity conditions at 
interfaces between materials [28]. It focuses on 
obtaining the dispersion relations for elastic waves 
propagation through periodic structures. The results of 
the dispersion relation represent the band structure of 
the periodic materials that relates the frequency, ω, and 
the wave vector, k, of the propagating wave. In general 
the formation of such a banded frequency spectrum is 
based on “Bragg reflection” that results in waves 
interference at interfaces between materials. As result 
of interference, the destructive interference result in 
creation of ranges of frequencies known as stop bands 
or band gaps, over which all incident waves are 
effectively attenuated. The other frequency bands 
known as pass bands, constructive interference 
dominated and waves effectively propagate through the 
structure [29]. 
There are several parameters and factors to be 
considered and they have pronounced effects on the 
band structure and on the band gaps behavior. 
Temperature can play an effective role on the 
properties of the frequency band gaps. For example, at 
certain frequencies and incident  angles, the thermal 
effects on the refraction direction of PnCs can be 
changed from negative to positive by varying the 
temperature on PnCs with air back ground [30]. 
Moreover, the thermal conduction of phonon transport 
in silicon PnCs has been reduced to less than 4% of the 
bulk value for silicon at room temperature [31]. 
Another factor has attracted increasing interest, is the 
layer randomness and defect structures. Practical 
periodic structures are always different than ideal ones 
because of defaults or  manufactures errors. The 
immersing of defect layer inside the periodic structure 
affects the band gaps and waves localization in 
photonic crystals [32]. Therefore, many studies were 
reported about disordered PnCs [33]. Most of the 
previous studies were performed on the wave's 
localization in the pass bands. However, wave's 
localization in the band gaps must be paid more interest 
because of its important in the propagation of elastic 
waves and creation of sharp peaks of transported 
energy.  
The goal of this paper is to provide additional analysis 
and comprehensive study of the stop-band/ pass-band 
dispersive behavior of the 1D periodic structure. The 
transfer matrix method is adopted for this purpose. 
Based on the transfer matrix method and Bloch theory, 
the dispersion relations are calculated and plotted for 
SH- waves propagating in an arbitrary direction. Also 
this paper focuses on correlating and comparing 
between the results of SH- waves and in-plane waves 
propagating normally to the structure. SH- waves are 
considered as S-waves polarized in the horizontal 
plane, while in-plane waves consist of S- and P-waves. 
Also, in order to clarify the results for in-plane waves, 
the reflection coefficients for S and P-  waves are 
plotted and compared with the dispersion relations 
curves. Furthermore, in this paper we are interested in 
studying the effects of temperature on the band 
structure of PnCs and on the phononic band gap width 
for both in-plane and SH-  waves. Also numerical 
results are presented and discussed to investigate the 
effect immersing a defect layer inside the binary 
periodic structures. Finally, the effects of the thickness 
and type of the defect layer material on the band gap 
structure had been discussed. 
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Theoretical treatment 
 
Basic equations of wave motion. Consider 1D PnCs 
as shown in Fig.1. The crystal structure consists of 
infinite number of repeated unit cells. Each unit cell 
includes two sub-cells made by two different materials 
A and B, and denoted by the subscript  = j  1, 2.  The 
thickness, Lame' constant, shearing modulus, Poisson's 
ratios, mass density and Young's modulus of the two 
layers are denoted 
by
] ) ( ) 1 ( [ , , , , , / 2 1 j j j j j j j j j j j E E a υ υ υ λ ρ µ λ υ − + = , 
respectively. So the thickness of a unit cell (the lattice 
constant) is  . 2 1 a a a + =  
 
Figure 1: A schematic diagram of a perfect 1D binary 
PnCs 
For the case of SH-  waves polarized in the z - 
direction propagating in the xy -plane, the governing 
equation in each material (layer) can be written in the 
following form [34-36]. 
), 2 , 1 ( ) , , (
..
2
) , , ( 2 2
) , , ( 2 = =
∂
∂
+ ∇ j t y x
x
t y x tx t y x j j j j
j j j
j j j j j ϕ ρ
ϕ
σ ϕ µ
 
(1) 
where  ) , , ( t y x j j j ϕ   are the displacement 
components in the z - direction,  t  the time, T  the 
temperature changes along the x -axis, 
) ( 2 1 / j j j T E tx
j υ β σ − =   the thermal stress 
component, j β   the thermal expansion coefficients 
along the x -axis and  2 2 2 / / j j y x ∂ ∂ + ∂ ∂ = ∇   the 
Laplacian operator. 
The solution  ) , , ( t y x j j j ϕ in the jth layer with 
time harmonic dependence can be expressed as [37]: 
) , , ( t y x j j j ϕ = ], sin [ ) ( 0 t i iky exp x j j j ω θ φ −   (2) 
where,  1
2 − = i , c k / ω = is the wave number,ω  
the angular frequency,c the wave velocity,  0 θ   the 
incident wave angle and  j φ   the amplitude of the 
displacements. It will be convenient to introduce the 
following dimensionless coordinates: 
, ) 2 , 1 ( 1 / , 1 / = = = j a y a x
j j j j η ξ   (3) 
 where  1 a  is the mean value thickness of material A 
and it exactly equal to  1 a  for the perfectly periodic 
structure. Substituting Eq. (3) into Eqs. (1) and (2), the 
following non-dimensional wave equations can be 
obtained: 
) , , ( t j j j η ξ ϕ = ], sin [ ) ( 0 t i i exp j j j ω θ αη ξ φ −   (4) 
, 0 sin ) 1 ( ) ( 2
2
0
2 2
2
2
= − − + j
j
j
j
j d
d
φ
φ
α
α
θ α
ξ
χ   (5) 
 
where  1 a k = α  is the dimensionless wave number of 
the incident SH-  waves, 1 a k j j = α is the 
dimensionless wave number in materials A and 
B, j c k j / ω =   is the wave vector in each 
material, j c   is the wave velocity in each material, 
j j j
tx µ σ χ / = is the ratio of the stress and shearing 
modulus in each material. The general dimensionless 
solution to Eq. (5) is written as a superposition of the 
forward and backward traveling waves and it is given 
by the form, 
  ), ( ), ( ) ( ) ( 2 , 1 = + + − = j q i exp B q i exp A j j j j j j j j ξ α ξ α ξ φ   (6) 
where j A and j B are unknown coefficient to be 
determined and   j q is a parameter and has the value 
0
2 2 2 sin /
1
1
θ
χ
−
+
= j
j
j c c q .  
Therefore, the dimensionless solution  ) , , ( t j j j η ξ ϕ  
with time harmonic dependence is:    
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  (7) 
Transfer matrix method for the periodic structure. 
The dimensionless shear stress component is given by 
). 2 , 1 (
1
=
∂
∂
= j
a j
j
j xzj ξ
ϕ
µ τ
 
(8) 
We ssume that the PnCs consist of n  unit cells, the 
boundary conditions at the left and right sides of the 
two layers in the i th unit cell are written as [35]: 
) 9 ( ), ,...., 2 , 1 ( ) ( ), 0 (
1 1
) (
) (
) (
) ( ) ( ) (
) ( ) ( ) ( ) ( ), ( ), 0 (
n i
a a j
i
j i
xzjR
i
j i
j xzjL
j
i
j
i
j
i
j
i
jR
i
j
i
jL
j =
∂
∂
∂
∂
=
= =
=
ζ
ξ
ϕ
µ τ
ξ
ϕ
µ τ
ϕ ϕ ϕ ϕ ζ
 
where the subscripts L and R denote the left and right 
sides of the two layers, and   
) 2 , 1 ( / 0 1 = = ≤ ≤ j a a j j j ζ ξ are the 
dimensionless thicknesses of materials A  and  B. 
Substituting Eqs. (7) and (8) into Eq. (9) the following 
matrix equation can be obtained: 
), ,..., 2 , 1 ; 2 , 1 (
) ( ' ) ( n i j T
i
jL
i
jR j = = = ν ν         (10) 
where 
T
i
jL
T
i
jR
i
xzjL
i
xzjR
a a
i
jL
i
jR 




 =





 = ) ( ) (
1 1 , ,
) ( ) ( ) ( ) ( and τ ϕ ν τ ϕ ν
are the dimensionless state vectors at the right and left 
sides of the two layers and  '
j T are 2×2 transfer matrix 
of the two layers. The elements of  '
j T  are given by 
) 11 ( ). 1 , 1 ( ' ) 2 , 2 ( ' ,
2
)] exp( ) [exp(
) 1 , 2 ( '
,
2
) exp( ) exp(
) 2 , 1 ( ' ,
2
) exp( ) exp(
) 1 , 1 ( '
j j
j j j j j j
j j
j j j j
j
j j j j
j
T T
q i q i q i
T
q i
q i q i
T
q i q i
T
j =
− −
=
− −
=
− +
=
ζ α ζ α µ α
µ α
ζ α ζ α ζ α ζ α
Analysis of the dispersion relation. At the interfaces 
between the layers, the following condition is satisﬁed:                     
) (
2
) (
1
i
L
i
R ν ν = .      (12) 
Thus, the relationship between the right and left sides 
of the i th unit cell can be obtained from Eq. (10) as 
) ..., , 2 , 1 (
) (
1
) (
2 n i
i
L
i
R i T = = ν ν ,     (13) 
where  i T   is the accumulative transfer matrix of the 
i th unit cell and can be written as  i 
. ' '
1 2T T i T =    (14) 
At the interface between the right side of the 
) 1 ( − i th unit cell and the left side of the i th unit 
cell, the following condition is satisfied: 
   ) ,........, 2 (
) 1 (
2
) (
1 n i
i
R
i
L = =
− ν ν .   (15) 
By equating Eq. (13) and Eq. (15), we can obtain the 
relationship between the state vectors of the  ) 1 ( − i th 
unit cells and the i th unit cell in the following form:              
) ,....., 2 (
) 1 (
2
) (
2 n i
i
R
i
R i T = =
− ν ν ,   (16) 
so  i T  is the transfer matrix between two consecutive 
unit cells. 
Based on the Bloch theorem and Floquet's theorem, 
due to the periodicity of the layered –component PnCs, 
the displacement and stress at the boundaries between 
two neighboring unit cells satisfy the following 
relations [35, 38]: 
), exp( ) exp(
) 1 (
2
) (
2
) 1 (
2
) (
2 , ika ika
i
R xz
i
R xz
i
R
i
R
− − = = τ τ ϕ ϕ  (17) 
where k is the wave number that corresponding to the 
effective wave field across the periodic medium. 
Combining the above two equations leads to the 
following matrix equation: 
) ,....., 2 ( ) exp(
) 1 (
2
) (
2 n i ika
i
R
i
R = =
− ν ν .   (18) 
By equating Eq. (16) and Eq. (18) which leads to the 
following eigenvalue problem: 
. 0 = − I i T ika e       (19) 
Eq. (19) can be rewritten as 
,
) 1 (
2
) 1 (
2
− − =
i
R
i
R i T ν λ ν        (20) 
where  ika e = λ   is a complex eigenvalue and 
) 1 (
2
− i
R V  is a complex eigenvector. The wave number in 
Eq.(20) is a complex number, where 
imaginary real ik k k − = so we have two cases. 1- 
If  real k k =  and  0 > real k .  The waves are allowed 
to propagate in the structure at these pass band THE STUDY OF THERMAL EFFECTS AND DEFECT MODE PROPERTIES ON THE ONE-DIMENSIONAL 
PHONONIC BAND GAP STRUCTURES 
 
Page | 134  
 
frequencies.2-If 
0 < − = imaginary imaginary k and ik k , the 
waves are not allowed to propagate in the structure at 
theses band gap frequencies. 
 
Temperature effects on PnCs.  When mechanical 
waves propagate through PnCs structure, a 
compression or rarefaction occurs which may heats or 
cools the structure. This heat causes thermal 
expansions, which will affect on the elastic constants of 
the material.  Since the compressions and rarefactions 
occur very rapidly, there is not time for much heat to 
flow and the elastic constants measured by sound 
propagation are the adiabatic constants. The adiabatic 
constants are related to the isothermal constants by the 
formula [39, 40], 
, ,
9
2 2
θ σ θ σ µ µ
ρ
θ β
λ λ
ν
= + =
C
B    (21) 
where the superscriptsσ   and θ   indicate adiabatic 
and isothermal constants,β   the thermal expansion 
coefficient, B the bulk modulus ) 3 / 2 ( µ λ + = B , 
θ   the absolute   temperature in kelvins,ρ   the 
density, and  ν C   the specific heat at constant 
volume.Eq.21 indicates that there is a difference 
between 
θ σ λ λ and  should be taken in account. 
As a consequence, if the temperature increased, not 
only the elastic constants will change to new values, 
but also the dimensions of the layers will  change 
according to the relation [41]:                           
t a a i∆ = ∆ β ,    (22) 
since  a ∆ is the change in the layer thickness,  i a is the 
initial thickness and t ∆ is the change in temperature. 
As a consequence, these new parameters will affect the 
stress parameters in SH- waves equation and in-plane 
wave velocities as well. Since P-wave velocity 
is
ρ
µ λ 2 +
= P c , which, in turn leads to variation 
of the band structure and band gaps properties as we 
will investigate in the next section. 
 
Numerical examples and Discussions 
 
In this section the numerical results are performed and 
discussed for the propagation and localization of elastic 
waves in both perfect and defect binary PnCs. Special 
attention is devoted to analyze the effects of 
temperature on the band structure and band gap 
parameters. The dispersion relations are studied for the 
two situations:(1) SH-waves propagation. (2) in –plane 
waves propagation. 
3.1. Results for SH-waves propagation. According to 
the definition of the periodic structure, the number of 
unit cells   must be infinite, but in numerical practice   
should take a finite number. So the dispersive behavior 
of the periodic materials and structures with an 
arbitrary chosen unit cells con ﬁguration is considered 
as an example. We consider the PnCs made by  =4 unit 
cells (N=8 layers), where each unit cell is composed of 
two layers. The two layers are lead and epoxy materials 
and denoted by A and B respectively. The materials 
constants can be found in [32, 36] and listed in table 
1.The wave velocity of the incident wave, , is taken as  
800 m/s. The angle of the incident wave is taken as   
and the temperature is considered as  . Since the 
structure is considered  as  inhomogeneous structure, 
the dispersive characteristics are determined by the 
ratios of materials properties. Hence we consider the 
thickness ratio of each material  is 1:1. Therefore, the 
thicknesses of materials A or B ( and ) inside each unit 
cell are 1/2 of the unit cell thickness, and weight of 
each unit cell inside the binary crystal is 1/4 of the 
crystal thickness. 
In Fig.2, the dispersion relations are calculated and 
plotted for SH-waves in the first Brillouin zone by the 
non-  dimensional frequency  B c a q / ω =   versus 
the non-  dimensional wave number a k× = ζ . 
Where  a  is the unit cell length and  B c is the wave 
velocity in material B.  The frequency range is taken    
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as 30 0 ≤ ≤ q . These dispersion relations represent 
the band structure of the perfect PnCs and can be 
classified according to Fig.2 as follow. We can see that 
some frequency regions are plotted with white color 
(pass-bands regions). 
 
Table 1: Material constants 
Materials 
 
Mass density  
ρ ×10
3 
  (kg/ m
3) 
 
Lame'       
constant 
λ ×10
10 
  (N/m
2) 
Shearing 
modulus 
µ×10
10                          
    (N/m
2) 
Young's 
modulus 
E×10
10 
(N/m
2) 
Poisson'
s 
ratios 
ν  
Thermal 
expansion     
coefficient 
β×10
-6                               
(1/
 oC) 
Specific 
heat 
ν C ×10
3 
 (J/kg.
 oC) 
Pb  11.4  3.3  0.54  1.536  0.43  29.5  0.128 
Epoxy  1.180  0.443  0.159  0.435  0.368  22.5  1.182 
Al  2.699  6.1  2.5  6.752  0.355  23.9  0.9 
Au  19.32  15.0  2.85  8.114  0.42  14.2  0.13 
Nylon  1.11  0.511  0.122  0.357  0.4  50  1.70 
 
These frequency regions corresponding to real valued 
wave number and in which the SH- waves are allowed 
to propagate through the structure. The other frequency 
regions are plotted with gray color (stop-bands 
regions). These regions corresponding to complex or 
pure imaginary wave number and in which the wave 
amplitudes decrease exponentially. As a result, the 
waves cannot propagate through the structure. 
3.1.1. Influences of the defect layer on the band 
structure. In this section, we have studied the effects 
of immersing a defect layer inside a perfect periodic 
structure. This layer affects the wave localization inside 
the band gaps and band structure as we will investigate 
in this section. 
-3 -2 -1 0 1 2 3
0
5
10
15
20
25
30
Wavenumber, ξ
F
r
e
q
u
e
n
c
y
,
 
q
____ Real part ( pass-band)
------- Imaginary part ( stop-band)
 
Figure 2:The calculated dispersion relation curves for SH-
waves propagating in an arbitrary direction to 1D binary 
perfect PnCs consisting of n=4 unit cells (eight layers). Each 
unit cell consists of lead and epoxy materials. The thickness 
of each material inside any unit cell is 1/2 of the unit cell 
thickness, and the unit cell thickness is 1/4 of the structure 
thickness (stop-bands shaded in gray). 
Consider we have immersed a defect layer of thickness 
d a
 to the perfect ones used in section 2.1 as shown in 
Fig.3. The transfer matrix of the defect layer is 
calculated by using Eq. (11). The total transfer matrix 
i T
 in Eq. (19) of the structure is calculated as a dot 
product of the accumulative transfer matrices before 
and after the defect with the defect layer transfer matrix 
d T
as follow 
'
1 2
' with  ... .. .. 1 1 T T T T T T T T T m m n n d i = = −  
and 
'
j T
given in Eq. (11).  
 
Figure 3: A schematic diagram of a defect 1D binary PnCs 
Fig.4 shows the effects of the defect layer on the band 
gap structure. In order to compare the results of the 
defect structure with those investigated for the perfect 
ones in section 3.1. We exploited the same materials 
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and conditions (n=4, 
0
0 10 = θ
, C T
0 20 =   and 
2 1:ζ ζ
= 1:1).  
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0
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30
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r
e
q
u
e
n
c
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,
q
 
Figure 4: The calculated dispersion relation curves for SH-
waves propagating in an arbitrary direction to 1D binary 
defect PnCs consisting of n=4 unit cells. 
A defect layer made from aluminum with thickness 
d a
=   A a
  was immersed after the second unit cell 
(stop-bands shaded in gray).  
We consider a defect layer made from aluminum was 
immersed after the second unit cell, the material 
properties are mentioned in table1. We consider the 
defect layer thickness  d a
 =   A a
 i.e. 1/2 of any unit 
cell thickness.  From Fig.4 it can be seen that the wave 
propagation behaviors and band gap structure changed 
obviously for the defect structure than the perfect ones. 
For example, there is an increment in the number and 
width of the band gaps, also the band gaps and pass 
bands edges fluctuated to new values due to inserting 
of a defect layer inside the structure. This layer affects 
the periodicity of the structure and increase the 
heterogeneity inside it. As a result, narrow peaks with 
high purity have appeared inside the band gaps. 
Therefore, waves localization in the band gaps appear 
and increase by introducing a defect inside the perfect 
PnCs.  In  addition  to                                                                                                                                                                                                     
the related dependence of the wave localization on the 
defect layer, the thickness of the defect layer can play 
an important role on the number and width of localized 
waves. It can be seen from Fig.5 (a and b) that the 
peaks width decreased by increasing the defect layer 
thickness, i.e. the peaks width in Fig.5 (b) is smaller 
than the peaks width in Fig.5 (a). This is because of 
increasing the contrast at the defect layer boundaries, 
which leads to increasing of band gaps width and 
decreasing of pass bands width. More clarification for 
this point, from Fig.5(c and d) we can see that for the 
same thickness  d a , the peaks width changed by 
changing the materials type of the defect layer. In 
Fig.5(c) we used a material (gold) with elastic constant 
larger than material A or B, while in Fig.5 (d) we used a 
material (nylon) with elastic constants to some extent 
close to material A and B. As a result, we can note in 
Fig.5(c) that the number and width of pass band peaks 
are smaller than in Fig.5 (d).The nylon material acts as 
spring between structure materials and introduces local 
resonance inside structure, which increase the localized 
waves. This dependence of wave localization on the 
defect layer can be utilized in multiple channel acoustic 
filter and wave multiplexer. 
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Figure 5: The calculated dispersion relatrion curves for SH-
waves propagating in an arbitary direction to 1D binary 
defect PnCs consisting of n=4 unit cells.  
(a) Aluminum defect layer with  d a
 = 3 A a
, 
(b) Aluminum defect layer with  d a
 =  5 A a
, (c) Gold 
defect layer with  d a
= A a
 and  
(d) Nylon defect layer with  d a
  = A a
(stop-bands 
shaded in gray). 
  
3.1.2. Influence of temperature on the band 
structure. In order to investigate the in ﬂuence of the 
temperature on the band structure and on the band gap 
parameters, different temperature changes (i.e. T  = 
50,100,150 and 190
0C) are considered. The dispersion 
relations are calculated with the same materials and 
conditions (n=8,
0
0 10 = θ
and  2 1:ζ ζ
= 1:1).Fig.6 
shows the response of the dispersion relations with 
different temperatures for SH-waves propagation in 
PnCs. It can be seen that from Fig.6 the pass bands 
became stop bands and vice versa. From these results, 
we can that the band gaps effects is not obvious for 
small temperatures as in Fig.6 (a and b), but the 
temperature has an obvious effects on the band 
structure at higher temperatures as in Fig.6 (c and 
d).By increasing the temperature, some of comment on 
the possible effects of temperature changes on the band 
structure of PnCs at SH-  wave propagation by the 
following two results. First, the SH –waves 
propagation and band gap structure can be tuned by 
temperature changes. Second, we can note in Fig.6 (a, 
b, c and d) that the temperature has not great effect on 
the pass band/stop band width. This saturation of width 
is due to increasing of the value of thermal stress which 
has negative value and prevent materials from 
lengthening. Therefore, the contrast between materials 
thicknesses remains constant and no variation in the 
band gaps width. 
Also, we can see that the band gap edges decreased 
slightly toward low values by increasing of 
temperature. For instance, the band gap at frequency 
25 = q   had decreased to low frequency values as 
indicated in Fig.6(c and d) compared with Fig.6 ( a and 
b).An interpretative of this decrease is the using of 
materials with different thermal expansion coefficients, 
this leads to different thermal stress values in the used 
materials. 
3.2. Results for in-plane waves propagation. In order 
to compare the dispersion relation results for SH-wave 
with in-plane wave propagation, Fig.7 presents the 
dispersion relation for in-plane wave propagates 
normal to 1D perfect PnCs(
0
0 0 = θ ).We consider the 
same PnCs structure in section 3.1 with the same 
materials and conditions n=8 and  2 1:ζ ζ
= 1:1 
(i.e. A a
= B a
=1/2 unit cell thickness). The eigen value 
problem in Eq.(19) can be  easily extended for plane 
wave propagation. The elements of the transfer matrix 
in Eq. (11) for longitudinal wave (P-wave) and 
transverse wave (S-wave) can be deduced by the same 
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the dispersion relations are calculated for the plane 
waves in the first Brillouin zone by the non- 
dimensional frequency q
:(q
range is  30 0 ≤ ≤ q , 
PB PB c a q q / ω = =   and    SB SB c a q q / ω = =
 
for P and S waves respectively) versus the non- 
dimensional wave number a k× = ζ . 
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Figure 6: The calculated dispersion relation curves for SH-
waves propagating in an arbitrary direction to 1D binary 
perfect PnCs consisting of  n=4 unit cells. Each unit cell 
consists of lead and epoxy materials. Different temperatures 
are considered. (a) T = 50
0C, (b) T =100
0C, (c) T= 150
0C 
and
    (d)  T  =190
0C, respectively  (stop-bands shaded in 
gray). 
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Figure 7: The calculated dispersion relation curves for in-
plane wave propagates normal to 1D binary perfect PnCs 
consisting of n=4 unit cells (eight layers). Each unit cell 
consists of lead and epoxy materials. (a)P-wave and (b) S-
wave (stop-bands shaded in gray).    
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Where  PB c   and  SB c
  are the longitudinal and 
transverse wave velocities in the second material B 
respectively, and a  is the unit cell length. The 
difference and excess in band gaps values between S-
wave than P-wave is due to the difference between P 
and S- waves velocities. P- waves depend on both the 
compression and shear properties of the material, while 
S-  waves depend on the shear properties only. The 
common frequency band gaps for P and S-  waves 
represent the complete band gap for in-plane waves. In 
order to confirm these results for plane waves, we 
calculated the reflection coefficient for P and S- waves 
in the x direction through N=8 layers bonded to semi 
infinite materials (nylon material) at the two ends. As 
depicted in Fig.1, the reflection coefficient based on the 
transfer matrix method given in the following. The sub-
scripts “0” and “e” will be denoting the left and the 
right semi- infinite materials, respectively. 
When a plane wave propagates to the layer, the 
reflection coefficient for the displacement field is given 
by [33] 
  
,
) ( ) ( 22 12 21 11 0
22 21 0 11 0 12
0
1
T E T T E T E
T E T E E T E T
U
U
e e
e e
− − −
− − +
=
                                       
(23) 
where  1
U
  is the reflected amplitude and 
) , ( j i T Tij =
are the elements of the total transfer 
matrix; 1 1 ... ... T T T T T m n n − =
. Fig.8 gives the 
relation between the reflectance R  versus 
T c a π ω 2 / ( SB T c c =
) for P-wave (gray dashed 
lines) and S-wave (black solid lines) [42]. From Fig.8 
we can identify the frequency ranges for which the 
reﬂectance of normal incident P and S- waves is high 
(e.g.  R  > 0.99). These high re ﬂectance  at  different 
frequency ranges represents the frequency band gaps 
for P and S – waves in the PnCs. From Fig.8 it can be 
seen that the frequency band gaps described by the 
reflection coefficient are congruent and show good 
agreement with those described by the dispersion 
relations. The common frequency regions at R > 0.99 
for P and S- waves represent the complete band gaps 
for plane waves in PnCs.There is a simple difference in 
the band gaps edges between Figs. 7 and 8, and this is 
due to the relation in Fig.8 is plotted between the 
reflectance and  T c a π ω 2 / ,since  SB T c c =   is chosen 
for both  P and S - waves reflectance. 
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Figure 8: A plot of reflectance R versus  T c a π ω 2 /  for 
normal incident P- wave (dotted lines) and S- waves (solid 
lines) on 1D PnCs consisting of n=4 unit cells (eight layers). 
Each unit cell consists of lead and epoxy materials.   
3.2.1. Influence of the defect layer and temperature 
on the band structure “at in-  plane wave 
propagation”.  
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Figure 9: A plot of reflectance R versus  T c a π ω 2 /  for 
normal incident P- wave (dotted lines) and S- waves (solid 
lines) on 1D defect PnCs consisting of n=4 unit cells (eight 
layers), each unit cell consists of lead and epoxy materials. 
The defect layer was immersed after the second unit cell.  
(a)Aluminum defect layer with  d a
 =  A a
, 
(b) Aluminum defect layer with  d a
 = 3 A a
,  
(c) Gold defect layer with  d a
= A a
 and  
(d) Nylon defect layer with  d a
 = A a
.  
In this section we will compare between the effects of 
the defect layer and temperature on the propagation of 
plane waves through the band structure with those 
investigated in the previous sections for SH-waves 
propagation. 
 
3.2.1.1. Influence of the defect layer on the band 
structure. First, we will use the same defect structure 
used in section 3.1.1 with the same materials and 
conditions except the angle of incidence 
0
0 0 = θ . From 
Fig. 8 we have seen that the band gaps that have been 
described by the reflection coefficient agreed with 
dispersion relations results. Therefore, we will use the 
reflection coefficient to describe the effects of the 
defect layer and temperature instead of dispersion 
relations in order to plotting both P and S -waves in the 
same graph.  
It is observed from Fig. 9 that the defect layer has 
pronounced effect on plane wave propagation through 
PnCs.These results are similar to the results that had 
been investigated for SH-waves propagation, since 
there are many peaks of the localized waves had been 
produced inside the band gaps. The number of the 
localized waves have increased by increasing defect 
layer thickness as in Fig.9 (b). Also this number have 
increased when we used an nylon layer with low elastic 
constant as in Fig.9 (d) and decreased when we used a 
gold layer as in Fig.9(c).These results confirm the 
previous results in section 3.1.1 and congruent with it 
in the same analysis.     
3.2.1.1. Influence of temperature on the band 
structure.  
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Fig.10.  A plot of reflectance R  versus  T c a π ω 2 /   for normal 
incident P- wave (dotted lines) and S- waves (solid lines) on 1D 
perfect PnCs consisting of n=4 unit cells (eight layers), each 
unit cell consists of lead and epoxy materials. Different 
temperatures are considered. (a) T = 50
0C and
   (b) T =190
0C.    
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Figure 11: A plot of reflectance R versus  T c a π ω 2 /  for normal 
incident S- waves (solid lines) and P- wave (dotted lines) on 1D 
perfect PnCs consisting of n=4 unit cells (eight layers), each unit 
cell consists of aluminum and gold materials. Different 
temperatures are considered: (a) T = 20
0C,
   (b) T =300
0C, and (c) 
T =700
0C. 
By the same procedure that used in section 3.1.2 we 
will investigate the effects of temperature on the band 
structure at plane wave propagation in order to 
compare between the two cases. So we will consider 
the same structure that have been used in section 3.1.2 
with the same materials and conditions (n=8, 
0
0 0 = θ and  2 1:ζ ζ
= 1:1). We prefer to consider the two 
temperature changes T = 50 and 190
0C to illustrate the 
clear effects of temperature on the band gap structure. 
Fig. 10 reveal that the temperature has a significant 
effect on the band gap structure at plane wave 
propagation through PnCs.  For example, if we 
compared these results with SH-waves results in 
Fig.8,we can note in Fig.10 (a) that the reflectance of 
P-wave (dotted lines) shifted toward higher values of 
the non dimensional frequency  T c a π ω 2 /   (i.e. band 
gap at  T c a π ω 2 / =3.5). These effects increase by 
temperature increasing from T = 50
0C to T =190
0C as 
indicated in Fig.10 (b).  The different effects of 
temperature on the band structure between SH-wave 
and in- plane wave are back to two reasons. First, the 
temperature has direct effect on the elastic constants 
and P-wave velocity, these effects result in changing 
the edges and values of the complete band gaps. 
Second, the absence of the thermal stress and 
increment of lattice constants as discussed in Eq. (22) 
result in variation of the band gap values as well. The 
influences of temperature on the band gap structure can 
be appear more clearly when we use high melting point 
materials at the higher temperatures as shown in 
Fig.11. From these results, several factors related to 
temperature will be change. For instance, the thermal 
conduction in silicon PnCs [31] can be change 
according to these results, where the dispersion 
relations depend on the frequency band gap values. 
 
Conclusions 
 
In this paper, we have studied the propagation and 
localization of SH-waves and in-plane waves inside 1D 
PnCs. The transfer matrix method based on Bloch 
theory is adopted for this purpose. Furthermore, we 
have studied the effects of two parameters on the band 
structure; the first is the effect of a defect layer on the 
band structure and on the waves localization for both 
SH-waves and in-plane waves. The second is the effect 
of temperature on the band structure and on the band 
gaps parameters for the two waves. In order to confirm THE STUDY OF THERMAL EFFECTS AND DEFECT MODE PROPERTIES ON THE ONE-DIMENSIONAL 
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the results, the reflection coefficient is calculated and 
plotted for in-plane waves. As we expected, the results 
described by the reflection coefficient agreed with 
those described by dispersion relations. Therefore, we 
can use the dispersion relations curves as a good tool to 
describe the band structure and band gap studies. We 
can summarize the analyses and discussions in the 
following results: (1) The defect layer has pronounced 
effect on the band structure and on the number of 
localized waves for both SH and plane waves. Also the 
thickness and type of  the defect layer material have an 
obvious effect on the width and on the number of 
resonant defect peaks, where the localized waves 
increased by using  a defect layer material with low 
elastic constant. Also the number of waves increases by 
increasing the  defect layer thickness. The study of 
wave localization based on the defect layer facilitates 
the wave localization techniques and can be used to 
take advantage from manufacture errors. Also it can be 
utilized in many potential application as acoustic filter, 
acoustic waveguides and can be applied to produce 
new types of laser called phonon laser with low 
thermal effects especially in the hypersonic PnCs 
regime. (2) The temperature has direct effect on PnCs, 
especially at plane wave propagation, where P-waves 
velocities and lattice constants have influenced by 
temperature increasing. These direct influences on 
PnCs by temperature can be useful in using PnCs as a 
temperature sensor. When temperature is increased in 
PnCs, the phononic sensors band gap experiences a 
significant change. 
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